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6. Define the sequence (c,) and (s,) inductively by c¢;(x) := 1, s;(x) := x, and

5u(x) 1= A et e (x) = 14 /0 “s0dt ()

for all n € N, x € R. Reason as in the proof of Theorem 8.4.1 to conclude that there exist
functions ¢ : R — Rand s : R — R such that (j) ¢’(x) = ¢(x) and s”(x) = s(x) for all x € R,
and (jj) ¢(0) = 1, ¢(0) = 0 and s(0) = 0, 5'(0) = 1. Moreover, ¢’(x) = s(x) and 5'(x) = ¢(x)
for all x € R.
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7. Show that the functions c, s in the preceding exercise have derivatives of all orders, and that they
satisfy the identity (c(x))* — (s(x))* = 1 forall x € R. Moreover, they are the unique functions
satisfying (j) and (jj). (The functions c, s are called the hyperbolic cosine and hyperbolic sine
functions, respectively.)

AMS‘-‘ Sinea =0 ad = )
it ol fran indaction et 8 Sue dudetio of oll ods -

OLJUH’_ 7%[{

Hllctal = (o)) = 2¢( 80 - 256c0 = ©
Thas (0N = 600)" s a costad o Al
5 (ela) =(s(o) = 1- O = |
Let C,c be 2 fns ot §) CF = ¢

) Cila=1 , (=0

ZeTL Y = ¢ - C.
len ¢'(x1 =) Yrell , and ¢)=¢"0,>0 Wl
F/'x X ¢ /K\ . Lef Ix = [O,XJ i«p X 20/ [x, o] t—( K< O
s 74/ovs7n//u, VuelN. 3 caele T .,
YM(Z)’LMX ¢ YLy %Q‘K"
,(’mco. (Z,l(zw-c{f mlx,?l(?f) 5. €.

[l , L' f)l K ¥V tel,
=) lf/w I t €Ly
ls 1{ ’V.IT V nel.
(ime W’MT’D o conclde thet l((ﬁ;

M&u,‘[n& Y =0 .
l.e C.(x¥=c.x) Yxelk _



4|

2. Show that if a series is conditionally convergent, then the series obtained from its positive terms
is divergent, and the series obtained from its negative terms is divergent.
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6. Find an explicit expression for the nth partial sum of
converges to —In 2. Is this convergence absolute?
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9. If (a,)is a decreasing sequence of strictly positive numbers and if > | a,, is convergent, show that
lim(na,) = 0.

10. Give an example of a divergent series » @, with (a,) decreasing and such that lim(na,) = 0.
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3. Discuss the convergence or the divergence of the series with nth term (for sufficiently large n)
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